Let R be a differentiably simple Noetherian commutative ring of characteristic p > 0 (then (R, m) is local with n := emdim(R) < ∞). A short proof is given of the Theorem of Harper [1] on classification of differentiably simple Noetherian commutative rings in prime characteristic. The main result of the paper is that there exists a nilpotent simple derivation of the ring R such that if δ p i = 0 then δ p i (x i ) = 1 for some x i ∈ m. The derivation δ is given explicitly, it is unique up to the action of the group Aut(R) of ring automorphisms of R. Let nsder(R) be the set of all such derivations. Then nsder(R) ≃ Aut(R)/Aut(R/m). The proof is based on existence and uniqueness of an iterative δ-descent (for each δ ∈ nsder(R)), i.e. a sequence {y [i] , 0 ≤ i < p n } in R such that y 
Introduction
Throughout, ring means an associative ring with 1.
Let R be a commutative ring with 1, Der(R) be its R-module of derivations. An ideal I of the ring R is called a differential ideal if δ(I) ⊆ I for all δ ∈ Der(R). The ring R is called differentiably simple if 0 and R are the only differential ideals of R.
In his book H. Matsumura makes the the following comment on the theorem of Harper (p.206, [4] ): "The 'if' part is easy. The proof of the 'only if' part is not easy and we refer the reader to Harper [1] and Yuan [6] . Recently this theorem was used by Kimura-Niitsura [2] to prove the following theorem which has been known as Kunz' conjecture." Later A. Maloo [3] gave a shorter proof of Theorem 1.1.
In this paper, apart from proving several equivalent statements to Theorem 1.1 (see Theorem 2.6) it is shown that essentially Theorem 1.1 follows from Theorem 27.3, [4] .
Each differentiably simple Noetherian ring R of characteristic p > 0 is a local (R, m) k-algebra for some subfield k of R such that R = k + m. We say that a subfield k ′ of R is a complement subfield in R if R = k ′ + m. Corollary 2.7 (together with Theorem 2.6. (3)- (6) and Proposition 2.5) gives explicitly all the complement subfields of R. It is well-known that each differentiably simple Noetherian commutative ring R of characteristic p > 0 admits a simple derivation (see [6] and [5] ). Let nsder(R) be the set of all nilpotent simple derivations δ of the ring R such that if δ p i = 0 then δ p i (y i ) = 1 for some element y i ∈ m where m is a maximal ideal of R. An action of a group G on a set X is said to be fully faithful if X is an orbit and for each element e = g ∈ G: gx = x for some x ∈ X (equivalently, for some/each x ∈ X the map G → X, g → gx, is a bijection).
For a prime number p, F p := Z/pZ is a finite field that contains p elements. Given a derivation δ of an F p -algebra A, a sequence {y [i] , 0 ≤ i < p n } of elements in A (where y • (Theorem 4.1.
(1)) δ p n −1 = 0 and δ p n = 0.
• (Proposition 4.4) Der k ′ (R) = ⊕ n−1 i=0 Rδ p i .
• (Theorem 4.1. (2)) There exists a unique iterative δ-descent {x
,
• (Theorem 3.5) the iterative δ-descent {x [i] , 0 ≤ i < p n } is given explicitly: choose elements y 0 , y 1 , . . . , y n−1 ∈ m such that δ p k (y k ) = 1 for k = 0, . . . , n − 1, then x 0 := y 0
and then recursively, for all 1 ≤ k ≤ n − 2,
•
• (Corollary 2.7)
• (Corollary 4.3.
(1)) For each complement subfield l of R, the action
is fully faithful where Aut l (R) is a the group of l-algebra automorphisms of R and nsder l (R) := {∂ ∈ nsder(R) | ∂(l) = 0}.
• (Corollary 4.3.(2)) The action Aut(R) × nsder(R) → nsder(R), (σ, δ) → σδσ −1 , has a single orbit and, for each ∂ ∈ nsder(R), Fix(∂) ≃ Aut(k), and so nsder(R) ≃ Aut(R)/Aut(k).
Note that the group Aut k ′ (R) is easily described: any k ′ -automorphism of the algebra R is uniquely determined by n 'polynomials' σ(x i ) = a ij x j + · · · , 0 ≤ i ≤ n − 1, a ij ∈ k ′ , with det(a ij ) = 0 where the three dots mean any linear combination of monomials of degree ≥ 2. So, the result above gives explicitly all the elements of nsder k ′ (R).
In brief, almost all the results of the paper are consequences of two theorems on existence and uniqueness of an iterative δ-descent (Theorem 3.5 and Theorem 4.1) which is given explicitly for each δ ∈ nsder(R).
Differentiably simple Noetherian commutative rings
In this section, a short proof of Theorem 1.1 is given together with some equivalent statements (Theorem 2.6), all complement subfields of a differentiably simple Noetherian commutative ring of prime characteristic are found explicitly (Corollary 2.7 together with Theorem 2.6.(3)-(6) and Proposition 2.5).
Lemma 2.1 Let R be a differentiably simple commutative ring of characteristic p > 0. Then R is a local F p -algebra with maximal ideal m such that x p = 0 for all x ∈ m, and
Proof. Let m be a maximal ideal of R. Then the ideal I := x∈m Rx p is differential (since δ(x p ) = px p−1 δ(x) = 0 for all δ ∈ Der(R)), and I ⊆ m, hence I = 0 (since R is a differentiably simple ring). Therefore, m = n(R) is the only maximal ideal of R where n(R) is the nil radical of R, that is (R, m) is a local ring.
The ring of constants C := ∩ δ∈Der(R) ker δ must be a field since R is a differentiably simple ring (for any 0 = c ∈ C, cR is a differential ideal of the ring R, hence cR = R). Therefore, R is an F p -algebra. Note that m ∞ is a differential ideal of R such that m ∞ ⊆ m, hence m ∞ = 0. So, in dealing with a differentiably simple commutative ring R of characteristic p > 0 there is no restriction to assume that it is a local F p -algebra (R, m) with x p = 0 for all x ∈ m. That explains why in many results of the present paper these conditions are present from outset (aiming at possible application to differentiably simple rings).
Let F p [h] be a polynomial algebra in a variable h. The factor algebra Λ :
) is isomorphic to the direct product of p copies of the field F p . In more detail, Λ = ⊕ p−1 i=0 F p θ i where 1 = θ 0 + θ 1 + · · · + θ p−1 is a sum of primitive orthogonal idempotents of the algebra Λ, θ i θ j = δ ij θ i for all i, j ∈ Z/pZ where δ ij is the Kronecker delta and
the hat over a symbol means that it is missed. The F p -algebra automorphism σ ∈ Aut Fp (Λ), h → h − 1, permutes cyclicly the idempotents θ i : σ(θ i ) = θ i+1 . It is evident that
Note that if δ is a derivation of an F p -algebra A then so are
where x is identified with an F p -linear map r → xr.
1. The F p -subalgebra of the endomorphism algebra End Fp (R) generated by h is naturally isomorphic to the factor algebra Λ :
For each
Proof. 1. In the algebra End Fp (R), δx − xδ = δ(x) = 1. This relation is equivalent to the following relations:
where σ(h) = h − 1 and σ −1 (h) = h + 1. Using these relations, we have
and so there is a natural F p -algebra epimorphism Λ → F p h . It is, in fact, an isomorphism, for it suffices to show that the elements 1, h, . . . ,
. Evaluating this relation at 1, one has the relation m!λ m x m = 0 in the ring R, and so 0 = δ
3.
The map
φ := p−1 i=0 (−1) i x i i! δ i : R = R δ ⊕ (x) → R = R δ ⊕ (x), a + bx → a, is a projection onto the subalgebra R δ (a ∈ R δ and b ∈ R).
For any
Proof. 2. By the very definition, the map φ is a homomorphism of 
Proof. An idea of the proof is to use repeatedly Lemma 2. Since
is a positively graded ring. Suppose that using the derivations δ 1 , . . . , δ s and the elements x 1 , . . . , x s we have already found commuting derivations δ
. . , x s ) (the equality of ideals), and
The ring R is naturally N s -graded and ( 
. . , x s+1 ), and, by Theorem 2.3.(3),
Now, by induction on s we have 1. R is a differentiably simple ring.
3. There exist derivations δ 1 , . . . , δ n of the ring R and elements
4. There exist commuting derivations δ 1 , . . . , δ n of R and elements x 1 , . . . , x n ∈ m such that δ
. . , n.
The k-bilinear map
has ann(T ) := {u ∈ m/m 2 | T u = 0} = 0.
The k-linear map
is a surjection.
R is a Der
Proof. The implications 2 ⇒ 7 ⇒ 1 and 2 ⇒ 4 ⇒ 3 ⇔ 5 ⇔ 6 are obvious. It remains to prove implications 1 ⇒ 2 and 3 ⇒ 2.
(1 ⇒ 2) Suppose that the algebra R is differentiably simple. Then m is not a differential ideal of R, i.e. δ 1 (m) ⊆ m for some derivation δ 1 of R, then δ 1 (x 1 ) ∈ m for some x 1 ∈ m. Note that x i=1 ker δ i (note that any derivation δ of R δ 1 ,...,δs can be uniquely extended to a derivation of R setting δ(x 1 ) = · · · = δ(x s ) = 0). Let s be the largest number (it exists since the associated graded k-algebra gr R := ⊕ i≥0 m i /m i+1 is a finite dimensional algebra over k). Then necessarily R δ 1 ,...,δs is a field canonically isomorphic to k, and R = R δ 1 ,...,δs + m. Clearly, the elements x 1 +m, . . . , x s +m is a k-basis for m/m 2 , hence n = s (use δ i (x j ) = δ ij ). (3 ⇒ 2) The determinant ∆ := det(δ i (x j )) is a unit of R. For each i = 1, . . . , n, let us 'drop' x i in the determinant ∆ and then multiply it by ∆ −1 , as the result we have well-defined derivations of the ring R:
such that ∂ i (x j ) = δ ij for all i, j = 1, . . . , n. Now, we finish the proof by applying Proposition 2.5. The next result gives explicitly a subfield k ′ of R such that R = k ′ + m. 
Corollary 2.7 Let R be a differentiably simple Noetherian
Proof. We have proved already that R = ⊕ α∈Nn k ′ x [α] (see the proof of Theorem 2.6) where k ′ := ∩ n i=1 ker δ i is a subfield of R such that R = k ′ + m. By Theorem 2.3, the map φ is a projection onto k ′ . Remark. In a view of the Theorem 2.6.(3)-(6), Corollary 2.7, in fact, gives all the complement subfields in R when combined with Proposition 2.5.
Existence and uniqueness of an iterative δ-descent
The main result of this section is Theorem 3.5 on existence and uniqueness of an iterative δ-descent. This is the key (and the most difficult) result of the paper. Let δ be a derivation of a ring R, a finite sequence of elements in R, y:
The following lemma establishes relations between iterative descents and simple derivations.
Lemma 3.1 Let δ be a derivation of an F p -algebra R, K := ker δ, and x = {x [i] , 0 ≤ i < p n } be an iterative δ-descent. Then 1. the K-algebra K x generated over K by all the elements
where
The sequence x is a δ-descent, it follows easily that the sum is a direct one, i.e. K x = ⊕ p n −1 i=0 Kx [i] . The x is an iterative sequence, hence
2. This is obvious.
is a nonzero element of the algebra K x where a i ∈ K and a s = 0 then δ s (a −1 s a) = 1. Therefore, δ ′ is a simple K-derivation of the algebra K x .
Let A be an algebra over a field K and let δ be a K-derivation of the algebra A. For any elements a, b ∈ A and a natural number n, an easy induction argument yields
It follows that the kernel A δ := ker δ of δ is a subalgebra (of constants for δ) of A and the union of the vector spaces N := N(δ, A) = ∪ i≥0 N i , N i := ker δ i+1 , is a positively filtered algebra (N i N j ⊆ N i+j for all i, j ≥ 0), so-called, the nil algebra of δ. Clearly, N 0 = A δ and N := {a ∈ A | δ n (a) = 0 for some natural n = n(a)}.
Lemma 3.2 Let δ be a derivation of a ring A and {x
Note that δ is a derivation of the opposite algebra A op , and the rest follows.
Lemma 3.3 Let δ be a derivation of a ring A and {x
Suppose that i ≥ 2, and, by induction hypothesis,
Lemma 3.4 Let δ be a derivation of a ring
Proof. One can easily prove that
are determined up to a triangular transformation as in Lemma 3.3. We have to prove that conditions c 1,0 = c 2,0 = · · · = c m,0 = 0 uniquely determine the elements λ 1 , λ 2 , . . . , λ m .
. Suppose that we have already found uniquely elements λ 1 , λ 2 , . . . , λ i−1 . Then the element λ i can be found uniquely from the equality
+ λ i by equating to zero the coefficient of y [0] := 1 after we substitute the sum for each
Theorem 3.5 (Existence and uniqueness of an iterative δ-descent) Let A be a commutative algebra over a field K of characteristic p > 0 and δ be a K-derivation of the algebra A such that there exists a finite sequence of elements y 0 , y 1 , . . . , y n−1 of A such that y
Then there exists an iterative δ-descent, say {x [i] , 0 ≤ i < p n }, which is, in fact, unique and it is found explicitly below (see 5) . Moreover, it can be characterized by one of the following equivalent conditions:
5.
and for any natural number
, where
Proof. We prove first existence of a δ-descent that satisfies the condition of statement 2, and then that (2 ⇒ 1) holds. Note that the statements 1, 3, and 5 are equivalent to existence and uniqueness of an iterative δ-descent.
Let {y [i] , 0 ≤ i < p n } be as in statement 2. Using induction on i we are going to prove that δ(y [i] ) = 1 for all 1 ≤ i < p n : the result is given for i = 1 (δ(y
(1 ⇔ 2) Then, by Lemma 3.4, there exists a unique δ-descent {x
Since A is a commutative algebra then it follows at once from the definition of the elements y In order to prove the implication (1 ⇒ 2), let {x [i] } and {x
[i] ′ } be δ-descents from statements 2 and 1 respectively. By Lemma 3.3, 
For each integer i =
Combining (2) with (3) we have
. Therefore, statement 4 holds. (4 ⇒ 3) Recall that for any two non-negative integers i and j written in the p-adic form
Now, it is obvious that statement 3 holds. In order to finish the proof of the theorem it remains to prove that 5 ⇔ 4 ⇔ 1. Note that by the uniqueness of the elements x
[i] from statement 1 (which we have already established) in order to prove that 5 ⇔ 4 ⇔ 1 it suffices to prove 5 ⇒ 4 ⇒ 1 (since the uniqueness and the implication 5 ⇒ 1 yield the implication 1 ⇒ 5).
(4 ⇒ 1) Given elements x [i] as in statement 4. By the very definition of the elements
This fact together with (3 ⇔ 4) guarantees that, for any 0 ≤ i < j,
These equalities imply that, for any integer written p-adically
where here (and everywhere) 
